The problem of classifying all short multiplets of superconformal algebras still seems to be an open question. A generic short multiplet is non-unitary, which nevertheless is of interest in various contexts. Even if one is interested in unitarity theories only, non-unitary short multiplets are of use in the analysis of (super)conformal blocks. The classification problem is mathematically formulated in terms of the representation theory of parabolic Verma modules, whose theory is known to be more challenging than that of more standard Verma modules associated with the Borel subalgebra. We comment on some recent developments of the representation theory, which could be of help in solving the classification problem.
The Problem
On the occasion of the Pollica Summer Workshop "Mathematical and Geometric Tools for Conformal Field Theories", the organizers have asked me to write up a very short note on an open question or a research direction. I have taken advantage of this opportunity to highlight the following problem, which seems to be little appreciated by the community. It is indeed surprising that the following problem is still unsolved:
Classification Problem
Classify all possible short multiplets (i.e. highest-weight irreducible representations) of (super)conformal algebras, in general (D ≥ 3) spacetime dimensions.
Isn't This Well-Known Already?
The most likely reaction to the above-mentioned problem is that the answer to this problem should have been known since decades ago. I myself have long thought that this should be the case. However, almost all of the existing literature on the representation theory of (super)conformal algebras (e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ) have focused on unitary representations of the (super)conformal algebras. In general, there are many more non-unitary irreducible representations, and a generic irreducible representation is non-unitary. 1 
Why Interesting?
I hope the importance of this question is obvious to readers. In the case of the twodimensional conformal algebra (i.e. Virasoro algebra), one arrives at the celebrated minimal models by studying irreducible representations [13] . These models subsequently have been applied to universality classes for various systems in high energy theory, condensed matter theory and statistical mechanics. It is in my opinion rather natural to ask a similar question in higher dimensions.
While most of the short multiplets are non-unitary, non-unitary theories could still be applied to many problems in physics and mathematics, e.g. statistical mechanics. Even if one is interested only in unitary theories, non-unitary representations do appear in the analysis of (super)conformal blocks, which are crucial inputs for the modern bootstrap program [14] . Namely, we can study the superconformal blocks as an analytic complex function of the scaling dimension of the intermediate operator, and many of the poles of the block corresponds to non-unitary short multiplets (see the literature on the recursion relation for conformal blocks [15] [16] [17] [18] ).
Why Not Verma Module/Kac Criterion?
One can easily think of a straightforward approach for the problem. Again, we can learn from the study of the two-dimensional Virasoro algebra: we can study a Verma module, which is a universal module for a highest-weight state representation. We can then study when the module is irreducible (with the help of the Kac determinant formula), and we can decompose the Verma module into irreducible components.
Indeed, the study of the Verma module of a finite-dimensional semisimple Lie algebra is well-studied subject in mathematics (see e.g. the book [19] for a survey).
However, the situation is complicated by the fact that what is relevant for a physics of (super)conformal algebra is not the ordinary Verma module, but rather its variant, the parabolic Verma module (introduced first in [20] in mathematics literature). The latter is associated with a parabolic subalgebra, whereas the former to the Borel subalgebra: for this reason let us call an 'ordinary' Verma module a 'Borel' Verma module. This point concerning parabolic and Borel Verma modules seems to be known to some experts since long ago, except not emphasized enough in the literature; see [21] for a recent discussion.
One might think that the distinction between a Borel Verma module and a parabolic Verma module is minor. However, it is known in the mathematical literature there is a subtle difference between the representation theories between the two, and a complete understanding of this subtlety is still out of reach (see chapter 9 of [19] for a good summary and e.g. [20, 22, 23] for some early references). 2 For this reason the study of representation theory of parabolic Verma modules is still an active area of research. 3 2 Here is a more technical explanation for mathematically-included readers, for illustration of the subtlety. Let us denote the Borel Verma module with highest weight λ by M (λ), and its parabolic counterpart, associated with a parabolic subalgebra p, by M p (λ) (we here follow the notations of [21] ). When M (λ) is reducible at location µ there is a homomorphism M (µ) → M (λ). This naturally induces a homomorphism M p (µ) → M p (λ) (the so-called standard homomorphism), and hence one is tempted to conclude that M p (λ) is also reducible. However, it is not guaranteed in general that this morphism is non-zero. It is also the case that not all the homomorphisms of M p (µ) → M p (λ) have their counterparts M (µ) → M (λ); such homomorphisms are called non-standard. In other words, irreducibility of M (λ) is neither sufficient nor necessary for the irreducibility of the corresponding M p (λ) 3 The irreducible decomposition of the parabolic Verma module is already 'known' in the following sense. where W l is a Weyl group of a reductive subalgebra l defined in [25] . By combining the two equations, one obtains the decomposition of the parabolic Verma module M p into irreducible components. However, this
As in the case of the Virasoro algebra, irreducibility criterion of parabolic Verma modules is provided by the determinant formula (an analog of the Kac determinant formula for the Virasoro algebra). The precise expression for the determinant formula was derived long ago by a mathematician Jantzen in 1977 [24] , however little attention has been paid to his work in the physics literature. For a superconformal algebra, the relevant determinant formula was conjectured in [21] and was later proven only recently in [25] by Oshima and the author (which generalizes the previous work by Gorelik and Kac [26] ). The general irreducibility criterion of [25] was analyzed more concretely in [27] . 4 Of course, working out the irreducibility criterion is only part of the problem, and one still needs to first find the decompositions into irreducible representations, and find explicit characterization for each of the irreducible modules. Even for non-supersymmetric conformal algebras explicit and comprehensive description of the null states is recent [16, 18] , and one can ask if we can complete the program for general superconformal algebras. Such a result will also be of great use in writing down a recursion relation for superconformal blocks along the lines of [16] .
In summary, despite various developments over the past decades, the classification problem of short multiplets of superconformal algebras is still an open problem, either mathematically or physically. Since this is a well-defined question with many potential applications, I would like to challenge (super)conformal-field-theory and/or representation-theory aficionados to settle this question once and for all. If anyone becomes interested in this problem and starts thinking about it after reading this article, then I could say that this article already served it purpose.
